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Thermal Analysis on Planar Interface Stability
in Solidi� cation of Semitransparent Materials

G.-X. Wang,¤ Chengcai Yao,† and B. T. F. Chung‡

University of Akron, Akron, Ohio 44325-3903

Signi� cant melt undercooling may be developed in the melt in front of the solid/liquid interface during solidi� -
cation of semitransparent materials because of internal radiative heat transfer with the environment. A nonequi-
librium planar interface solidi� cation model has been developed recently to permit the melt undercooling near the
interface. A thermal analysis is presented for the stability of such a planar interface. An absolute stability theory
derived by Ludwig for opaque materials has been employed as a � rst approximation. The stability theory takes
into account the stabilizing effect of ef� cient cooling through the solid layer and de� nes a heat � ux parameter
to quantify the latent heat released that is transferred into the undercooled melt. When the variation of the heat
� ux parameter during solidi� cation is calculated based on the present nonequilibrium planar interface model, the
stability of the interface for given process conditions can be determined. The results suggest that, although the
internal radiation leads to an undercooled melt in front of the interface, a planar interface can still be stable if
there is strong external heat transfer. Based on this analysis, the physicalmechanisms of the mushy-zone formation
for the solidi� cation of semitransparent materials have been presented.

Nomenclature
a = ratio of thermal diffusivities of liquid and solid
b = ratio of thermal conductivitiesof liquid and solid
cp = speci� c heat, J ¢ kg¡1 ¢ K¡1

D = thickness of the slab, m
G = temperature gradient on the liquid side of the interface,

K ¢ m¡1

H = dimensionlessenthalpy, .h ¡ cpTm /=cpTm

HR = convection–radiation parameter, hc=.¾T 3
m/

h = enthalpy, J ¢ kg¡1

hc = convective heat transfer coef� cient, W ¢ m¡2 ¢ K¡1

k = thermal conductivity,W ¢ m¡1 ¢ K¡1

N = conduction–radiation parameter, k=.4¾ T 3
m D/

n = refractive index
qr = radiative heat � ux, W ¢ m¡2

Nqr = dimensionless radiative heat � ux, qr =.4¾ T 4
m /

S = dimensionless interface position, s=D
Ste = Stefan number, cpTm =¸
s = interface position, m
sT = stability coef� cient de� ned by Eq. (6)
T = absolute temperature,K
Te = temperature of the environment, K
Tm = equilibrium freezing temperature, K
TN = nucleation temperature,K
Ts = interface temperature, K
T0 = initial temperature, K
t = time, s
V = interface velocity, m ¢ s¡1

Va = absolute stability velocity, m ¢ s¡1

X = dimensionlesscoordinate, x=D
x = coordinate in direction across the slab, m
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Y = dimensionless wave number of perturbation
® = thermal diffusivity, m2 ¢ s¡1

¯ = extinction coef� cient of the medium, m¡1

0 = Gibbs–Thomson coef� cient
´ = heat � ux parameter, Eq. (7)
µ = dimensionless temperature, T=Tm

µe = dimensionless environment temperature, Te=Tm

µs = dimensionless interface temperature, Ts =Tm

·D = optical thickness of the layer, ¯ D
¸ = latent heat of fusion, J ¢ kg¡1

¹ = dimensionless linear kinetics coef� cient, ½c¹k =.4¾ T 2
m /

¹k = linear kinetics coef� cient, m ¢ s¡1 ¢ K¡1

½ = density, kg ¢ m¡3

¾ = Stefan–Boltzmann constant, 5.6705£ 10¡8 W ¢ m¡2 ¢ K¡4

¿ = dimensionless time, (4¾ T 3
m=½cp D/t

! = single scattering albedo

Introduction

M ELTING and solidi� cationof semitransparentmaterialshave
wide engineeringapplicationsin the areas such as the design

of certain latent heat-of-fusion thermal-storage systems,1 crystal
growth,2 and laser processing of semiconductors and ceramics.3;4

Because of volumetric radiation and absorbing of energy, phase
change of semitransparentmaterials behaves very differently from
that of opaque ones.

Most early efforts on modeling phase change of semitransparent
materials focused on the mathematical treatment and the effects of
introducing internal radiation (absorbing, emitting, and scattering)
into a phase change model. Little attention was paid to the effects of
internal radiationon the fundamentalphase change characteristics.5

It was assumed that there is a distinct solid/liquid interface separat-
ing the solidand liquidregions.Furthermore,a local thermodynamic
equilibrium condition at the interface was employed, and the inter-
face temperature is � xed at the equilibriummelting temperature.6¡9

Such models, however, result in signi� cant solid overheatingduring
melting or melt undercooling during solidi� cation, although solid
overheating and melt undercooling are inconsistent with the local
equilibrium condition.

Chan et al.5 postulatedan isothermal mushy zone model to solve
this paradox. Instead of a distinct solid/liquid interface, they pro-
posed that there is a mushy zone that separates the pure solid and
pure liquid regions. Within the mushy zone, the solid and liquid
coexist, but their volume fractions may vary across the zone. Be-
cause no solid overheating or melt undercooling is allowed under
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an equilibrium condition, the entire mushy zone will be at the equi-
librium melting temperature for pure materials. This model seems
to work well for many cases and has been employed by various
researchers for different problems.10¡12 The existence of a mushy
zone in the melting of semitransparent materials is supported by
an earlier observation of liquid pockets in ice exposed to light.13

Recently, the present authors performed a systematic study of such
an isothermalmushy zone model for pure semitransparentmaterials
including internal emitting, absorbing,and scatteringphenomena.14

The isothermal mushy zone model of Chan et al.5 is an equi-
librium model of phase change of semitransparent materials de-
rived from pure thermodynamic considerations. The model would
be valid as long as the rate of heat transfer is low and the speed of
phase change is slow, so that the local equilibrium condition could
be satis� ed during the process. If the rate of heat transfer is high
and a high interface speed results, the interface may deviate from
local equilibrium, and the effect of phase change kinetics then be-
comes important. In addition, the isothermal mushy zone model
provides no information about the geometric con� guration or the
morphology of the mushy zone. Accordingly, the present authors15

have introduced melt undercooling and nonequilibriumkinetics of
crystalline growth into the solidi� cation model for semitransparent
materials.The new model shows that, by permittingmelt undercool-
ing, a distinct solid/liquid interface may exist between the solid and
liquid regions. The model calculationsdo show, however, that there
is signi� cant melt undercooling in front of the moving solid/liquid
interface, due to internal radiation. Such melt undercooling may
lead to the instability of the growing interface and the development
of thermal dendrites, that is, a mushy zone.

In this paper, the solidi� cation process of a semitransparent slab
is formulated using the nonequilibriumplanar interfacemodel. The
stability of the planar interface is examined, and the possibility
of developing into a quasi-isothermal mushy zone is investigated.
Basedon the numericalresultsobtained,thephysicalmechanismsof
mushy zone formation in a semitransparentmaterial are discussed.

Mathematical Formulation of Nonequilibrium
Solidi� cation in a Semitransparent Slab

One-dimensionalgeometry, as shown in Fig. 1, is chosen for the
sake of simplicity. The slab is initially at a uniform temperature T0,
which is above the freezingpoint of thematerial.The slab is made of
a gray material that is emitting, absorbing, and isotropic scattering.
The liquid slab, as well as the solid after solidi� cation starts, will
transfer heat directly into the environment through radiation. The
slab is also cooled by external convectionon the surface. The prop-
erties are independent of both temperature and phase. The energy
transfer equation in the slab can be written as (e.g., see Chan and
Hsu16/

@H

@¿
D N

@2µ

@ X 2
¡ r ¢ Nqr (1)

The radiative transfer equation to determine Nqr for this geometry
can be found elsewhere14;15;17 and will not be repeated here. The
enthalpy vs temperature relationship is given by

µ D
»

H C 1 solid region, H < 0

H C 1 ¡ 1=Ste liquid region, H > 1=Ste (2)

Fig. 1 Geometry and coor-
dinates for a solidifying semi-
transparent slab.

X=0 X=0.5X=S
(A distinct interface
or a mushy zone)

HR

qe

Solid liquid

Table 1 Numerical values of the parameters used

Parameters and symbols Values

Ratios a and b in Eq. (6) 1
Kinetics coef� cient ¹ in Eq. (4) 5
Refractive index, n 1.5
Conduction–radiation parameter, N 0.1
Convection–radiation parameter, HR 0–2
Optical thickness, ·D 1–20
Scattering albedo, ! 0–0.9
Stefan number, Ste 2
Initial temperature, T0=Tm 1.05
Nucleation temperature, TN =Tm 0.95
Environment temperature, µe D Te=Tm 0

The boundaryconditionsfor Eq. (1) at X D 0 can be written as15

4N
@µ

@ X
D HR.µ ¡ µe/ (3a)

and at X D 0.5,

@µ

@ X
D 0 (3b)

Because of symmetry, only one-half of the slab needs to be ana-
lyzed with a symmetric condition at the centerline.Without loss of
generality, the ambient temperature is assumed to be the same as
the environment temperature.

A distinct planar solid/liquid interface is assumed to exist that
separates the solid and liquid regions.Equation (1) is the governing
energy equation for both solid and liquid phases with the corre-
sponding physical properties. The melt undercooling is introduced
at the interface, and the location of the interface is continuously
tracked from the beginning of solidi� cation based on the solidi� ca-
tionkineticrelationship.As a � rst approximation,a linearcrystalline
growth kinetics model is adopted18:

V D dS

d¿
D ¹.1 ¡ µs/ (4)

The linear kinetics coef� cient of materials can be evaluated from
solidi� cation kinetics theories.19

In such a nonequilibrium model, solidi� cation is assumed to be
initiated at the surface of the slab at a prescribed nucleation tem-
perature TN that is below the equilibrium melting temperature of
the material. Once the solidi� cation begins, a planar interface is as-
sumed to grow into the melt that may be undercooled. We assume
a priori that the interface is stable, and the stability of the interface
is then tested by comparing the interface velocity to the absolute
stability velocity.

The detailed numerical solution procedures are omitted here to
conserve the space. See Yao et al.15 and Yao and Chung17 for details
on the solution of the radiative transfer equation17 and the tracking
of the interface.15 The solidi� cation of semitransparent materials
depends on many parameters, even for such a simple geometry. It
is not the intention of this paper to present a full-scale parametric
study. Instead, only the effects of those parameters that are closely
related to the morphology of the interface will be investigated.The
parameters of particular interest include the optical thickness ·D

and the convection–radiation parameter HR . The ranges of these
two parameters are chosen from Siegel20 and are given in Table 1.

Linear Stability Theory for a Planar
Solidi� cation Interface

It is well known that a planar interface may become unstableand
develop into cellular or dendritic morphology. Extensive literature
exists for interface stability analyses, and various criteria have been
developed.21¡25 It is found that, for a planar interface growing into
a melt, the instability of the interface is caused primarily by solute
partitioning (for alloys) and a negative temperature gradient in the
melt.22;23 For pure materials, the only driving force for interface
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instability is the negative temperature gradient due to the melt un-
dercoolingahead of the interface. In other words, if the temperature
gradient in the melt is positive, the planar interface will always be
stable; if the temperature gradient becomes negative, that is, the la-
tent heat is transferred into the melt from the interface, the interface
may become unstable. Analyses 21;23;24 have found that a planar so-
lidi� cation front may still be stable in such a case if the interface
velocity satis� es the condition V > Va , where Va is the absolute sta-
bilityvelocity.For a pure opaquematerialwithout the constitutional
effect, from a linear stability analysis,21;24 the absolute stability ve-
locity can be written as

Va D sT ®¸=.0cp/ (5)

where the coef� cient sT is a function introduced by Ludwig to in-
clude the effect of cooling through the solid phase and is expressed
by

sT D

max

»
4b

Y 2

µ
´.¡1 C

p
1 C Y 2/ C .´ ¡ 1/.a C

p
a2 C Y 2/

¡a C b C
p

a2 C Y 2 C b
p

1 C Y 2

¶¼

´;a;b

(6)

where the maximum (maxf g) is taken over all values of Y (from
zero to in� nite). The heat � ux parameter ´, de� ned by Ludwig,24

represents the fraction of latent heat released at the interface that
� ows into the undercooledmelt,

´ D ¡Gk=.V ¸/ (7)

Because the temperature gradient G on the melt side is negative
when the melt is undercooled, a minus sign is added in Eq. (7) to
make ´ positivein such cases.For a givenmaterial,a and b are � xed,
and thus, sT is only a function of ´. The value of ´ depends on heat
transfer conditions and varies during solidi� cation. Figure 2 shows
typical variations of sT with ´ for three values of equal a and b.
The ratios of thermal properties of liquid and solid phases (a and b/
have only a minor effect on sT . Note that Fig. 2 is different from that
given originally by Ludwig.24 (It was found that Ludwig’s original
derivation for sT has two errors that are corrected here.) Figure 2
shows that when ´ is smaller or equal to 0.5, sT is zero. In other
words, a planar interfacegrowing into an undercooledmelt is stable
if more than one-halfof the latent heat releasedat the interfacecould
be transferredaway from the solid side.Therefore,by examiningthe
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Fig. 2 Coef� cient sT in Eq. (6) as a function of heat � ux parameter ´
for various values of a and b.

value of ´ during solidi� cation, one can determine whether the pla-
nar interfaceis stable and whether a mushy zone couldbe formed.A
smooth planar interface could be preserved even if the melt in front
of the interface is undercooled, as long as ´ is small. Physically,
this requires a high rate of external heat transfer so that a suf� cient
amount of latent heat released at the interface is transferredthrough
the solid region. This is because an ef� cient cooling through a large
positive temperature gradient in the solid compensates the destabi-
lizing effect of a negative temperature gradient in the melt at the
interface.

The preceding linear stability criteria, representedby Eqs. (5–7),
were derived for opaque materials. It is found that the internal ra-
diative heat transfer in a semitransparent material will affect the
interface stability,25 although no analytical relationship has been
derived. As a � rst approximation, the preceding criterion will be
used to calculate the absolute stability velocity for a semitranspar-
ent material. By doing this, one assumes that the main effect of the
internal radiative heat transfer on the interface stability is through
the temperature � eld, that is, through the heat � ux parameter ´. For
example, changing the internal radiative properties will result in a
variation of the interface heat transfer condition and, therefore, a
different value of ´. By monitoring the variation of the value of ´
throughout the solidi� cation process, we can examine the stabil-
ity of the planar interface. When the value of ´ at a given location
becomes smaller than 0.5, the absolute stability velocity of the in-
terface approaches zero, based on Eqs. (5) and (6), and the planar
interface should be stable. Otherwise, for a large and positive value
of ´, the interface will become unstable, and a columnar dendritic
structure would be developed. In the following discussion, there-
fore, the heat � ux parameter ´ will be � rst obtained for any given
radiativeconditionsby solving the one-dimensionalplanar interface
model, as discussed in the preceding section. Then the stability of
the planar interface is examinedby comparingthe interfacevelocity
with the absolute stability velocity at the corresponding´. If the in-
terface velocity is higher than the calculated stability velocity, then
the planar interface is stable. Otherwise, the solidi� cation should
take place in a dendritic mode.

Numerical Results and Discussion
The solidi� cation process of a semitransparent slab is deter-

mined using the preceding non-equilibriumplanar interface model.
Figure 3 shows typical temperaturedistributionsat three time levels
corresponding to the interface locations at S D 0:05, 0.25, and 0.45
for ·D D 5, N D 0.1, ! D 0, and HR D 1. It can be seen that, at each
time level,a temperaturepeak existsat the solid/liquid interface.The
melt undercooling and the peaked temperature distribution around
the interfaceresult from internal radiativeheat transfer.Note that the
melt ahead of the interface is subject to radiative cooling during the
entire solidi� cation process due to internal radiative heat exchange
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Fig. 4 Heat � ux parameter as a function of the interface location for
·D = 5, ! = 0, and N = 0.1 under various external convective conditions.

between the melt and the solid and between the melt and the envi-
ronment. The latent heat released at the interface is carried out not
only from the solid region through both radiation and heat conduc-
tion, but also from the undercooled melt by internal radiation. The
latter results in a negative temperature gradient on the melt side of
the interface. Because the latent heat goes into both the solid and
liquid regions, the � ux parameter ´ is larger than zero.

As mentioned earlier, a negative temperaturegradient in the melt
right in front of the interface may suggest an unstable interface, de-
pending on the magnitude of the � ux parameter, ´. Figure 4 shows
the variationof ´ during the solidi� cation process of the same semi-
transparent slab shown in Fig. 3, but under three different external
convection conditions: HR D 0, 1, and 2. It can be seen from Fig. 4
that, for HR D 1 and 2, the values of the heat � ux parameter are
always less than 0.5, which implies that a stable planar interface
exists according to Fig. 2 and Eq. (5). When external convection is
stronger, for example, HR D 1 and 2, ´ is negative in the early stage
of the solidi� cation process, as a result of a positive temperature
gradient at the interface on the melt side. However, this tempera-
ture gradient becomes negative when the interface advances farther
from the surface. In the absence of external convection HR D 0,
Fig. 4 shows that ´ is large at the beginningbut decreasesquickly to
a value below 0.5 as the interface moves forward. Therefore, in this
case, the planar interface is unstable during the early period of time
after the onset of solidi� cation,and a mushy zonemade of columnar
thermal dendrites would be formed at this stage. As solidi� cation
takes place, however, the mushy zone may disappear,and the planar
interface is stabilized in the later stage of solidi� cation.

The effect of the kinetics coef� cient ¹ has also been examined,
and it is found that increasing kinetic coef� cient ¹ from 5 to 100
raises the values of ´ slightly in the early stage of solidi� cation and
that it does not affect the overall trend regarding the stability of
the planar interface. Therefore, in the following discussion, a � xed
value of kinetics coef� cient, that is, ¹ = 5, will be used.

Effects of the optical thickness on the stability of the interface
are illustrated in Fig. 5, which shows the variation of the heat � ux
parameter as a function of the interface location for three values of
optical thickness ·D D 1, 5, and 20. Only the results for HR D 0 are
shown because the interface is most likely unstable in this case, as
discussedearlier. It can be found that the unstableregion is enlarged
when the optical thickness is decreased. For example, for ´ > 0.5,
the interface has to pass, approximately, X D 0.01, 0.05, and 0.36
for the optical thick nesses ·D D 20, 5, and 1, respectively.

Figure 6 shows the effect of the levels of isotropic scattering on
the variation of the heat � ux parameter, ´ during solidi� cation for
both ·D D 5 and ·D D 20. The convectioncoef� cient HR is again set
equal to zero, and the conduction parameter is 0.1. Figure 6 shows
a strong destabilizing effect of scattering on interface stability, in
particular for the case with small optical thickness. For example, in
the caseof·D D 5 withoutscattering,´ is larger than 0.5 for less than
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Fig. 5 Heat � ux parameter vs interface location with optical thickness
as a parameter for pure radiative coolingwith N = 0.1, ! = 0, and HR = 0.
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Fig. 7 Heat � ux parameter vs interface location for three conduction–
radiation parameter N = 0.002, 2, 0.1, and 0.5. ·D = 5, ! = 0, and HR = 0.

10% of the thickness. When scattering is introduced with ! D 0.9,
´ becomes larger than 0.5 for more than 60% of the slab. Therefore,
the planar interface is less stable, and a mushy solidi� cation front
is more favored in the case of strong scattering.

Effect of the conduction–radiation parameter N on interface sta-
bility is illustrated in Fig. 7, which shows the variation of the heat
� ux parameter for N D 0.02, 0.1, and 0.5. Previous calculations15

showed that reducing N leads to a more sharplypeaked temperature
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distribution at the interface, which suggests that reducing N leads
to a less stable interface. This is true for the later stages of solidi-
� cation, as shown in Fig. 7. When the solid layer becomes thicker
than about 0.1, reducing N leads to an increasedheat � ux parameter
´, that is, a less stable interface. Surprisingly, at the very beginning
of the solidi� cation process, the effect of N on ´ is reversed, and
a smaller value of ´ is obtained for a smaller N . As one can see in
Fig. 7, when the interfacelocation is less than 0.1, the valuesof ´ for
N D 0.5 is much larger than that for N D 0.1 and N D 0.02, which
indicates that a larger N leads to an instable planar interface at the
beginningof theprocess.Suchan inverseeffect of N on the interface
stability in different time periodsof solidi� cationcan be understood
by inspecting the de� nition of the heat � ux parameter ´ [Eq. (7)],
which shows that ´ / Gk. At the beginning of solidi� cation, the
temperature gradient G in the liquid due to radiation is relatively
small, and ´ is primarily determined by the thermal conductivityk.
Reducing N indicatesa smaller k and, therefore,a smaller ´, that is,
a more stable planar interface.As solidi� cation goes on, the internal
radiation slowly builds up a larger temperature gradient in the melt
in front of the interface,and ´ is then dominatedby the temperature
gradient term G . Under such conditions,reducing N leads to a large
value of G and, therefore, a larger ´, which results in a less stable
interface.

Further Discussion on Physical Mechanisms
of Mushy Zone Formation

A conclusion that can be drawn from the aforementioned re-
sults is that solidi� cation of a semitransparent material may take
place with a stable planar interface; even the melt in front of the
interface is undercooled.No mushy zone will form under such con-
ditions. In solidi� cation terminology, the mushy zone is referred to
as the area where the crystalline solid coexists with the liquid dur-
ing solidi� cation.26 Two different geometric morphologies of the
mushy zone can be observed, depending on the initial crystalline
nucleation conditions.A widely spread mushy zone will be formed
when individual nuclei are distributed in the undercooledmelt and
grow into grains, as shown schematically in Fig. 8a. This kind of
solidi� cation process is also called equiaxed growth. Equiaxed so-
lidi� cation may also take place if catalytic agents such as impurities
exist in the bulk melt.27 In equiaxed solidi� cation, the melt between
the crystals is undercooled,and the degree of undercoolingdepends
on crystalline growth kinetics and the rate of external heat transfer.
In many cases, however, the undercoolingis very small, and a local
equilibrium condition can be assumed.

Under a directionalsolidi� cation conditionwhere a positive tem-
perature gradient exists across the melt, crystalline phase may nu-
cleate on the surface instead of in the bulk melt. In this case, solid
grows from the surface into the bulk melt opposite to the direc-
tion of heat � ow. If the solidi� cation velocity is slow, as in most
of single crystal growth processes,28 a planar solid/liquid interface
appears, separatingthe solid and liquid regions, and no mushy zone
is formed. For alloy systems at a moderate solidi� cation velocity,
however, constitutional undercooling will develop in front of the
interface, which eventually leads to a cellular or dendritic solidi� -
cation, that is, formationof a mushy zone made of columnar cells or
dendrites. For pure materials, if the temperature gradient in the liq-
uid is positive, that is, the melt is superheated,the planar solid/liquid
interface is always stable. If the melt in front of the interface is un-
dercooled, then a negative temperature gradientdevelops there, and
the interface may become unstable and develop into thermal cells
or dendrites, which leads to a different type of mushy zone shown
in Fig. 8b.

For semitransparentmaterials, signi� cant melt undercoolingmay
develop before crystallinenucleationbecauseof volume coolingby
internal radiation.15 If strong catalytic agents are distributed in the
melt, bulk nucleation may take place with little melt undercool-
ing, which results in equiaxedsolidi� cation with a quasi-isothermal
mushy zone. Such a solidi� cation process can, therefore, be de-
scribed fairly accurately by the isothermal mushy zone model pro-
posed by Chan et al.5 For many cases in solidi� cation, however,
walls or surfaces in the system also act as nucleation agents, and
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Fig. 8 Solidi� cation, where corresponding mushy zones have two dif-
ferent geometric con� gurations: a) equiaxed solidi� cation due to bulk
nucleation in the melt and b) columnar solidi� cation due to heteroge-
neous surface nucleation.

crystallinephasewill nucleateon thesesurfaces.If heatis transferred
out of the system through these surfaces, the directional solidi� ca-
tion condition is satis� ed. In this case, a stable planar interface may
develop for pure substances, and the mushy zone will develop for
multicomponent systems when solute partitioning causes interface
instability.For pure semitransparentmaterials, the negative temper-
ature gradient ahead of the interface due to radiative supercooling
may also lead to an unstable interface and the development of ther-
mal cells or dendrites as discussed earlier.

Conclusions
A nonequilibrium planar interface model is employed to ana-

lyze the stability of the planar interface during solidi� cation of a
one-dimensional semitransparent slab subject to both internal ra-
diative cooling to the cold environment and convective cooling at
the surface. The stability of the interface is examined against a lin-
ear stability criterion that takes into account the stabilizing effect
of a positive temperature gradient in the solid. The results suggest
that, although internal radiation leads to an undercooled melt in
front of the interface, a planar interface can still be stable if there
is strong external heat transfer. Both reducing the optical thickness
and increasing internal scattering destabilize the interface. Increas-
ing the conduction–radiationparameter destabilizesthe interface in
the early stage of solidi� cation but becomes a stabilizing effect in
the later stage of solidi� cation. An unstable interface may eventu-
ally develop into a columnar dendritic mushy zone, which may be
modeled by the isothermal mushy zone model developed by Chan
et al.5
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